In this paper, we study the existence of classical solutions for a second-order impulsive differential equation with non-separated periodic boundary conditions. By using the variational method and critical point theory, we give some new criteria to guarantee that the impulsive problem has at least one solution under some different conditions. Our results extend and improve some recent results.
Introduction
Many dynamical systems have an impulsive dynamical behavior due to abrupt changes at certain instants during the evolution process. The mathematical description of these phenomena leads to the impulsive differential equations. Recent developments in this field have been motivated by many applied problems, such as control theory [, ], population dynamic [] , medicine [-], and some physics or mechanics problems [] . In the last few years, a great deal of work has been done in the study of the existence of solutions for impulsive boundary value problems. Some classical tools or techniques have been used to study such problems in the literature, such as coincidence degree theory of Mawhin [] , the method of upper and lower solutions with the monotone iterative technique [-], and some fixed point theorems in cones [-] . For some general and recent work on the theory of impulsive differential equation, we refer the interested reader to [-] .
In this paper, we are concerned with the existence of solutions for the following boundary value problem (BVP) with impulses:
-p(t)u (t) = f t, u(t) , t = t k , t ∈ J, (.a) Here T be a fixed positive number, u [] 
(t) = p(t)u (t) denotes the quasi-derivative of u(t).

Condition (.c) is called a non-separated periodic boundary value condition for (.a).
We assume throughout, and without further mention, that the following conditions hold.
(
)) denotes the right limit (respectively left limit) of u [] (t) at t = t k .
(H) The function f (t, u) is measurable in t ∈ [, T] for each u ∈ R, continuous in u ∈ R for a.e. t ∈ [, T] (Caratheodory function), and there exist a(t) ∈ C(R + , R + ) and a Lebesgue For the case of I k =  (k = , , . . . , m), problem (.a)-(.c) is related to a non-separated periodic boundary value problem of ODE. More precisely, Atici and Guseinov [] considered the following non-separated periodic boundary value problem:
The For the impulsive case of (.), Huseynov [, ] considered the following problem:
In [], Huseynov investigated the Green's function of the boundary value problem (.), sufficient conditions that ensure the positiveness of the Green's function are established. The author also investigated nonlinear second-order differential equations subject to linear impulse conditions and non-separated periodic boundary conditions in [] .
Motivated by the above facts, in this paper, our aim is to study the existence of solutions for the impulsive boundary value problem (.a)-(.c). To the best of our knowledge, there has so far been no paper concerning the non-separated boundary value problem with impulses via variational methods. In addition, this paper is a generalization of [] , in which impulsive effects are not involved. For some general and recent work on the critical point theory and variational methods, we refer the reader to [-]. It is a novel approach to apply variational methods to the impulsive boundary value problem.
Throughout this paper, we will use the following notations: L q (, T) is the usual Banach space with norm u q = (
. . denote the positive (possibly different) constants.
Preliminaries
In this sections, we recall some basic facts which will be used in the proofs of our main results. In order to apply the critical point theory, we construct a variational structure.
With this variational structure, we can reduce the problem of finding solutions of (.a)-(.c) to that of seeking the critical points of a corresponding functional.
with the norm
p,T is also a Hilbert space with the inner product induced by its norm. For more details, see [] .
In the meantime, according to Proposition . in [], the problem
has a sequence of eigenvalues,  = μ  < μ  < · · · < μ n < · · · , and corresponding eigenfunctions, ψ n (n = , , , . . .), where we can choose
From Theorem . in [], we have the inequality
The above two important inequalities can be simply rewritten as follows:
where
In view of the condition (H), we can prove that J(u) is well defined and is 
Thus u satisfies equation (.a). So (.) becomes
Now we will show that u satisfies the impulsive condition (.b). If not, without loss of generality, we assume that there exists k ∈ {, , . . . , m} such that
which contradicts (.). So u satisfies the impulsive condition (.b). From the above, we can obtain
p(T)u (T)v(T) -p()u ()v() = .
Notice that v ∈ W ,
p,T and v() = v(T), so p(T)u (T) = p()u ().
Hence u satisfies the non-separated periodic boundary condition (.c). Therefore, u is a classical solution of problem (.a)-(.c).
Definition . ([]
, P  ) Let X be a real Banach space and I ∈ C  (X, R). I is said to satisfy the P.S. condition on X if any sequence {x n } ⊆ X for which I(x n ) is bounded and I (x n ) →  as n → ∞ possesses a convergent subsequence in X.
Theorem . ([], Theorem .) Let X be a Banach space and let ∈ C  (X, R). Assume that X splits into a direct sum of closed subspaces X
= X -⊕ X + with dim X -< ∞ and sup S - R < inf X + , where S - R = {u ∈ X -: u = R}. Let B - R = u ∈ X -: u = R , M = h ∈ C B - R , X : h(s) = s if s ∈ S - R , and c = inf h∈M max s∈B - R h(s) .
Then, if satisfies the P.S. condition, c is a critical value of .
Main results
Theorem . Assume the following conditions are satisfied:
for all u ∈ R, and a.e.
Then problem (.a)-(.c) has at least one weak solution that minimizes the function J.
Proof It follows from (H) and (.) that
By (H), we have Proof Obviously, (H) implies that there exists M such that ∀x ∈ R
Substituting (.) and (.) into the above equation, we have
Since β ∈ (, α), the above inequality and (H) imply that 
for every s ∈ R, k ∈ {, , . . . , m}. First of all, we prove the following lemma.
Lemma . Suppose that the conditions of Theorem . hold, then J satisfies the P.S. condition.
By Yang inequality and (.), the following inequality holds:
From the above, we have
On the other hand, in view of (.), we have 
